
Random forward models and log-likelihoods in Bayesian
inverse problems

Han Cheng Lie1,2 Tim Sullivan1,2 Aretha Teckentrup3,4

SAMSI Working Group on Probabilistic Numerics
Berlin, DE, 29 January 2018

1Free University of Berlin, DE
2Zuse Institute Berlin, DE
3University of Edinburgh, UK
4Alan Turing Institute, London, UK



Overview

▶ We consider the use of randomised forward models and log-likelihoods within the
Bayesian approach to inverse problems.

▶ Such random approximations to the exact forward model or log-likelihood arise
naturally when a computationally expensive model is approximated using a cheaper
stochastic surrogate, as in Gaussian process emulation (kriging), or in the field of
probabilistic numerical methods.

▶ We show that the Hellinger distance between the exact and approximate Bayesian
posteriors is bounded by moments of the difference between the true and
approximate log-likelihoods.

▶ Example applications of these stability results: randomised misfit models in large
data applications and the probabilistic solution of ordinary differential equations.

Lie, Sullivan, and Teckentrup (2017b)
arXiv:1712.05717

2/38

https://arxiv.org/abs/1712.05717


Outline

Well-posedness of Bayesian inverse problems

Random log-likelihoods

Random forward models

Application: random reduction of high-dimensional data

Application: probabilistic solvers for ODEs

References

3/38



Well-posedness of Bayesian inverse
problems



Notation i

▶ (Ω,F ,P) will be an abstract probability space, assumed to be rich enough to serve
as a common domain for all random variables of interest.

▶ M 1(U ) will denote the space of Borel probability measures on a topological space
U ; in practice,U will be a separable Banach space.

▶ When µ ∈ M 1(U ), integration of a measurable function (random variable) f : U → R

will also be denoted by expectation, i.e. Eµ[f] :=
∫

U f(u)dµ(u).
▶ The space M 1(U ) will be endowed with the Hellinger metric dH : M 1(U )2 → R≥0: for
probability measures µ and ν onU that are both absolutely continuous with
respect to a common reference measure π, such as π := µ+ ν ,

dH(µ, ν)2 :=
1
2

∫
U

∣∣∣∣∣
√
dµ
dπ (u)−

√
dν
dπ

∣∣∣∣∣
2

dπ(u) = 1−
∫

U

√
dµ
dπ (u)

dν
dπ (u)dπ(u) = 1− Eν

[√
dµ
dν

]
.
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Notation ii

▶ The Hellinger metric defines a topology on M 1(U ) that coincides with the total
variation topology (Kraft, 1955), is weaker than the Kullback–Leibler (relative
entropy) topology (Pinsker, 1964) and is stronger than the topology of weak
convergence of measures.

▶ The Hellinger metric is useful for uncertainty quantification when assessing the
similarity of Bayesian posteriors, since expected values of square-integrable
functions are Lipschitz continuous with respect to the Hellinger metric:∣∣Eµ[f]− Eν [f]

∣∣ ≤ √
2
√
Eµ

[
|f|2
]
+ Eν

[
|f|2
]
dH(µ, ν)

when f ∈ L2(U , µ) ∩ L2(U , ν). In particular, for bounded f,

|Eµ[f]− Eν [f]| ≤ 2∥f∥∞dH(µ, ν).
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Bayesian inverse problems i

▶ An inverse problem means the recovery of u ∈U from an imperfect observation
y ∈ Y of G(u), for a known forward operator G : U → Y .

▶ In practice, the operator G may arise as the composition G = O ◦ S of the solution
operator S : U →V of a system of ordinary or partial differential equations with an
observation operator O : V → Y , and it is typically the case that Y = RJ for some
J ∈ N, whereasU andV can have infinite dimension. For simplicity, we assume an
additive noise model

y = G(u) + η, (1)
where the statistics but not the realisation of η are known.

▶ In the strict sense, this inverse problem is ill-posed in the sense that there may be
no element u that satisfies (1), or there may be multiple such u that are highly
sensitive to the observed data y.

▶ The Bayesian perspective eases these problems by interpreting u, y, and η all as
random variables or fields.
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Bayesian inverse problems ii

▶ Through knowledge of the distribution of η, the forward equation (1) defines the
conditional distribution of y|u.

▶ After positing a prior probability distribution µ0 ∈ M 1(U ) for u, the Bayesian
solution to the inverse problem is nothing other than the posterior distribution for
the conditioned random variable u|y.

▶ This posterior measure, which we denote µy ∈ M 1(U ), is from the Bayesian point of
view the proper synthesis of the prior information in µ0 with the observed data y.

▶ The same posterior µy can also be arrived at via the minimisation of penalised
Kullback–Leibler, χ2, or Dirichlet energies (Dupuis and Ellis, 1997; Jordan and
Kinderlehrer, 1996; Ohta and Takatsu, 2011), where the penalisation again expresses
compromise between fidelity to the prior and fidelity to the data.
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Bayes’ formula i

▶ The rigorous formulation of Bayes’ formula for this context requires careful
treatment and some further notation (Stuart, 2010).

▶ The pair (u, y) is assumed to be a well-defined random variable with values in
U × Y . The marginal distribution of u is the Bayesian prior µ0 ∈ M 1(U ). The
observational noise is η ∼ Q0 ∈ M 1(Y ), independently of u; y|u ∼ Qu, the translate
of Q0 by G(u), which is assumed to be absolutely continuous with respect to Q0, with

dQu
dQ0

(y) = exp(−Φ(u; y)).

▶ The function Φ: U ×Y → R is called the negative log-likelihood or simply potential.
In the elementary setting of centred Gaussian noise η ∼ N (0, Γ) on Y = RJ, the
potential is the non-negative quadratic misfit Φ(u; y) = 1

2
∥∥Γ−1/2(y− G(u))

∥∥2.
However, particularly for cases in which dimY = ∞, it may be necessary to allow Φ

to take negative values and even to be unbounded below (Stuart, 2010, Remark 3.8).
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Bayes’ formula ii

Theorem 1 (Generalised Bayesian formula — (Dashti and Stuart, 2016, Theorem 3.4))

Suppose that Φ: U × Y → R is µ0 ⊗Q0-measurable and that

Z(y) := Eµ0

[
exp(−Φ(u; y))

]
satisfies 0 < Z(y) <∞ for Q0-almost all y ∈ Y . Then, for such y, the conditional/
posterior distribution µy of u|y exists and has the prior density

dµy
dµ0

(u) = exp(−Φ(u; y))
Z(y) . (2)

For (2) to make sense, it is essential to check that 0 < Z(y) <∞. Hereafter, to save space,
we regard the data y as fixed, and hence write Φ(u) in place of Φ(u; y), Z in place of Z(y),
and µ in place of µy.
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Well-posedness of BIPs i

▶ For a numerical analyst, it is natural to ask about the well-posedness of the
Bayesian posterior µ: is it stable when the prior µ0, the potential Φ, or the observed
data y are slightly perturbed, e.g. due to discretisation, truncation, or other
numerical errors?

▶ For example, what is the impact of using an approximate numerical forward
operator GN in place of G, and hence an approximate ΦN : U → R in place of Φ?
Here, we quantify stability in the Hellinger metric dH.

▶ The stability of Bayesian inverse problems with respect to the prior is a difficult
topic (Owhadi et al., 2015; Owhadi and Scovel, 2017) and we will not address it here.
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Well-posedness of BIPs ii

▶ However, stability with respect to the observed data y and the log-likelihood Φ can
be established. Such stability results were proved for Gaussian priors by Stuart
(2010) and for more general priors by many contributions since then (Dashti et al.,
2012; Hosseini, 2017; Hosseini and Nigam, 2017; Sullivan, 2017).

▶ Typical approximation theorems for the replacement of the potential Φ by a
deterministic approximate potential ΦN, leading to an approximate posterior µN,
aim to transfer the convergence rate of the forward problem to the inverse problem,
i.e. to prove an implication of the form∣∣Φ(u)− ΦN(u)

∣∣ ≤ M(∥u∥)ψ(N) =⇒ dH
(
µ, µN

)
≤ Cψ(N),

where M : R≥0 → R≥0 is suitably well-behaved, ψ : N → R≥0 quantifies the
convergence rate of the forward problem, and C is a constant.

▶ Following Stuart and Teckentrup (2017), we extend this paradigm and these
approximation results to the case in which the approximation ΦN is a random
object, and not necessarily Gaussian.
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Random log-likelihoods



Random approximate log-likelihoods

▶ In many practical applications, the negative log-likelihood Φ is computationally too
expensive or impossible to evaluate exactly, and in computations, one therefore
often uses an approximation ΦN of Φ.

▶ This leads to an approximation µN of the exact posterior distribution µ, and the aim
is to show convergence, in a suitable sense, of µN to µ as the approximation error
ΦN − Φ in the misfit potential tends to zero.

▶ We focus on random approximations ΦN, e.g. Gaussian process emulators (Stuart
and Teckentrup, 2017); later, we give examples related to randomised misfit models
and probabilistic numerical methods.

▶ Let now ΦN : Ω×U → R be a measurable function that provides a random
approximation to Φ: U → R, and denote by νN the distribution of ΦN.

▶ We assume throughout that the randomness in the approximation ΦN of Φ is
independent of that in the parameters being inferred.
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Random and deterministic approximate posteriors

▶ Replacing Φ by ΦN in (2), we obtain a random approximation µsampleN of µ:

dµsampleN
dµ0

(u) := exp(−ΦN(u))
ZsampleN

, (3)

ZsampleN := Eµ0

[
exp(−ΦN( ·))

]
.

▶ Taking the expectation of the random likelihood gives a deterministic
approximation:

dµmarginalN
dµ0

(u) :=
EνN

[
exp(−ΦN(u))

]
EνN

[
ZsampleN

] . (4)

▶ An alternative deterministic approximation can be obtained by taking the expected
value of the density (ZsampleN )−1e−ΦN(u) in (3). However, µmarginalN provides a clear
interpretation as the posterior obtained by the approximation of the true data
likelihood e−Φ(u) by EνN

[
e−ΦN(u)

]
, and is more amenable to sampling methods such

as pseudo-marginal MCMC (Beaumont, 2003; Andrieu and Roberts, 2009).
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Convergence of µmarginalN

Theorem 2 (Deterministic convergence of the marginal posterior)

Suppose there exist positive scalars C1, C2, C3, that do not depend on N, such that for
the Hölder conjugate exponent pairs (p1,p′1), (p2,p′2), and (p3,p′3), we have

▶ min
{∥∥EνN [e−ΦN ]−1

∥∥
Lp1µ0 (U )

,
∥∥eΦ∥∥Lp1µ0 (U )

}
≤ C1(p1);

▶
∥∥∥∥EνN

[(
e−Φ + e−ΦN

)p2]1/p2∥∥∥∥
L
2p′1p3
µ0 (U )

≤ C2(p1,p2,p3);

▶ C−13 ≤ EνN [Z
sample
N ] ≤ C3.

Then there exists a scalar C = C(C1, C2, C3, Z) > 0 that does not depend on N, such that

dH
(
µ, µmarginalN

)
≤ C

∥∥∥EνN

[
|Φ− ΦN|p

′
2
]1/p′2∥∥∥

L
2p′1p

′
3

µ0 (U )
,

C(C1, C2, C3, Z) =
(
C1(p1)
Z + C3max

{
Z−3, C33

})
C22(p1,p2,p3).
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Convergence of µsampleN

Theorem 3 (Mean-square convergence of the sample posterior)

Suppose there exist positive scalars D1,D2, that do not depend on N, such that for
Hölder conjugate exponent pairs (q1,q′1) and (q2,q′2), we have

▶
∥∥∥∥EνN

[(
e−Φ/2 + e−ΦN/2

)2q1]1/q1∥∥∥∥
Lq2µ0 (U )

≤ D1(q1,q2);

▶
∥∥∥∥∥EνN

[(
ZsampleN max

{
Z−3, (ZsampleN )−3

}(
e−Φ + e−ΦN

)2)q1]1/q1∥∥∥∥∥
Lq2µ0 (U )

≤ D2(q1,q2).

Then

EνN

[
dH
(
µ, µsampleN

)2]1/2 ≤ (D1 + D2)
∥∥∥∥EνN

[
|Φ− ΦN|2q

′
1
]1/2q′1∥∥∥∥

L
2q′2
µ0 (U )

,
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Applicability of convergence theorems i

The assumptions of Theorems 2 and 3 are satisfied when the exact potential Φ and the
approximation quality ΦN ≈ Φ are suitably well behaved. Recall from (2) that Z is the
normalisation constant of µ. Therefore, for µ to be well-defined, we must have that
0 < Z <∞. In particular, there exists 0 < C3 <∞ such that C−13 < Z < C3.

Assumption 4

There exists C0 ∈ R that does not depend on N such that, for all N ∈ N,

Φ ≥ −C0 and νN({ΦN | ΦN ≥ −C0}) = 1, (5)

and for any 0 < C3 < +∞ with the property that C−13 < Z < C3, there exists N∗(C3) ∈ N

such that, for all N ≥ N∗,

Eµ0 [EνN [|ΦN − Φ|]] ≤ 1
2eC0 min

{
Z− 1

C3
, C3 − Z

}
. (6)
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Applicability of convergence theorems ii

Lemma 5

Suppose that Assumption 4 holds with C0 as in (5) and C3 and N∗(C3) as in (6), that
exp(Φ) ∈ Lp

∗
µ0(U ) for some 1 ≤ p∗ ≤ +∞ with conjugate exponent (p∗)′, and there exists

some C4 ∈ R that does not depend on N, such that, for all N ∈ N,

νN({ΦN | Eµ0 [ΦN] ≤ C4}) = 1. (7)

Then the hypotheses of Theorem 2 hold, with

p1 = p∗, p2 = p3 = +∞, C1 = ∥eΦ∥Lp∗µ0
, C2 = 2eC0 ,

and C3 as above. Moreover, the hypotheses of Theorem 3 hold, with

q1 = q2 = ∞, D1 = 4eC0 , D2 = 4e3C0 max{C−33 , e3C4}.
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Applicability of convergence theorems iii

Lemma 6

Suppose that Assumption 4 holds with C0 as in (5) and C3 and N∗(C3) as in (6), and that
there exists some 2 < ρ∗ < +∞ such that EνN [exp(ρ∗ΦN)] ∈ L1µ0 . Then the hypotheses of
Theorem 2 hold, with

p1 = ρ∗, p2 = p3 = +∞, C1 = ∥EνN [exp(ρ∗ΦN)]∥
1/ρ∗
L1µ0

, C2 = 2eC0 ,

and C3 as above. Moreover, the hypotheses of Theorem 3 hold, with

q1 =
ρ∗

2 , q2 = +∞, D1 = 4eC0 , D2 = 4e2C0
(
C−33 eC0 + ∥EνN [eρ

∗ΦN ]∥2/ρ
∗

L1µ0

)
.
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Random forward models



Random forward models in quadratic potentials

In many settings, the potentials Φ and ΦN have a common form and differ only in the
parameter-to-observable map. In this section we shall assume that Φ and ΦN are
quadratic misfits of the form

Φ(u) = 1
2
∥∥Γ−1/2(G(u)− y)

∥∥2
Y

and ΦN(u) =
1
2
∥∥Γ−1/2(GN(u)− y)

∥∥2
Y
, (8)

corresponding to centred Gaussian observational noise with symmetric positive-definite
covariance Γ. Again, we assume that G is deterministic while GN is random. In this
section, for this setting, we show how the quality of the approximation GN ≈ G transfers
to the approximation ΦN ≈ Φ, and hence to the approximation µN ≈ µ (for either the
sample or marginal approximate posterior).
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It is easy to ensure that the applicability lemmas for Theorems 2 and 3 apply:
Lemma 7

Let Φ and ΦN be as in (8). Assumption 4 holds if, for some q, s ≥ 1,

lim
N→∞

∥∥∥EνN

[
∥GN − G∥2q

]1/q∥∥∥
Lsµ0

= 0. (9)

We then obtain bounds on the Hellinger error in terms of errors in the forward model, of
the following form: for C,D > 0 and r1, r2, s1, s2 ≥ 1 that do not depend on N,

dH
(
µ, µmarginalN

)
≤ C

∥∥EνN

[
∥GN − G∥2r1

]1/r1∥∥1/2
Lr2µ0 (U )

(10)

EνN

[
dH
(
µ, µsampleN

)2]1/2 ≤ D
∥∥EνN

[
∥GN − G∥2s1

]1/s1∥∥1/2
Ls2µ0 (U )

. (11)

For brevity and simplicity, the following result uses one pair q, s ≥ 1 in (9) in order to
obtain convergence statements for both µmarginalN and µsampleN . Of course, one may
optimise q and s depending on the measure of interest.
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Convergence of µmarginalN and µsampleN

Theorem 8 (Convergence of posteriors for randomised forward models in quadratic
potentials)

Let Φ and ΦN be as in (8).

▶ Suppose there exists some p∗ > 1 with Hölder conjugate (p∗)′ such that
exp(Φ) ∈ Lp

∗
µ0(U ), and suppose that (7) holds for some C4 ∈ R. If GN → G as in (9)

with q = 2 and s = 2p∗/(p∗ − 1), then (10) holds with r1 = 1 and r2 = 2p∗/(p∗ − 1),
and (11) holds with s1 = 2 and s2 = 2.

▶ Suppose there exists some 2 < ρ∗ <∞ such that EνN [exp(ρ∗ΦN)] ∈ L1µ0 . If GN → G as
in (9) with q = 2ρ∗/(ρ∗ − 2) and s = 2ρ∗/(ρ∗ − 1), then (10) holds with r1 = 1 and
r2 = 2ρ∗/(ρ∗ − 1) and (11) holds with s1 = 2ρ∗/(ρ∗ − 2) and s2 = 2.

In both cases, µmarginalN and µsampleN converge to µ in the appropriate metrics given in (10)
and (11) respectively.
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Application: random reduction of
high-dimensional data



Monte Carlo approximation of high-dimensional misfits i

We consider a Monte Carlo approximation ΦN of a quadratic potential Φ (Nemirovski
et al., 2008; Shapiro et al., 2009), further applied and analysed in the MAP estimator
context by Le et al. (2017). This approximation is particularly useful when the data y ∈ RJ

has J≫ 1, and is derived in the following way:

Φ(u) := 1
2

∥∥∥Γ−1/2(y− G(u))
∥∥∥2

=
1
2
(
Γ−1/2(y− G(u))

)T
E[σσT]

(
Γ−1/2(y− G(u))

)
where E[σ] = 0 ∈ RJ, E[σσT] = IJ×J

=
1
2E
[∣∣σT(Γ−1/2(y− G(u))

)∣∣2]
≈ 1
2N

N∑
i=1

∣∣σ(i)T(
Γ−1/2(y− G(u))

)∣∣2 for i.i.d. σ(1), . . . , σ(N) d
= σ

=
1
2

∥∥∥ΣT
N
(
Γ−1/2(y− G(u))

∥∥∥2 for ΣN :=
1√
N
[σ(1) · · ·σ(N)] ∈ RJ×N

=: ΦN(u). 22/38



Monte Carlo approximation of high-dimensional misfits ii

The analysis and numerical studies in Le et al. (2017, Sections 3–4) suggest that a good
choice for the RJ-valued random vector σ would be one with independent and
identically distributed (i.i.d.) entries from a sub-Gaussian probability distribution.
Examples of sub-Gaussian distributions considered include

▶ the Gaussian distribution: σj ∼ N (0, 1), for j = 1, . . . , J; and
▶ the ℓ-sparse distribution: for ℓ ∈ [0, 1), let s := 1

1−ℓ ≥ 1 and set, for j = 1, . . . , J,

σj :=
√
s


1, with probability 1

2s ,
0, with probability ℓ = 1− 1

s ,
−1, with probability 1

2s .
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Monte Carlo approximation of high-dimensional misfits iii

▶ Le et al. (2017) observe that, for large J and moderate N ≈ 10, the random potential
ΦN and the original potential Φ are very similar, in particular having approximately
the same minimisers and minimum values.

▶ Statistically, these correspond to the maximum likelihood estimators under Φ and
ΦN being very similar; after weighting by a prior, this corresponds to similarity of
maximum a posteriori (MAP) estimators.

▶ Here, we take a fully Bayesian perpective, and thus the corresponding conjecture is
that the deterministic posterior dµ(u) ∝ exp(−Φ(u))dµ0(u) is well approximated by
the random posterior dµsampleN (u) ∝ exp(−ΦN(u))dµ0(u).

▶ Indeed, via Theorem 3, we have the following convergence result for the case of a
sparsifying distribution:
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Well-posedness of BIPs with Monte Carlo misfits

Applying the general results from earlier gives the following transfer of the Monte Carlo
convergence rate from the approximation ot Φ to the approximation of µ:

Proposition 9

Suppose that the entries of σ are i.i.d. ℓ-sparse, for some ℓ ∈ [0, 1), and that Φ ∈ L2µ0(U ).
Then there exists a constant C, independent of N, such that(

Eσ

[
dH
(
µ, µsampleN

)2])1/2 ≤ C√
N
.

For technical reasons to do with the non-compactness of the support and finiteness of
MGFs of maxima, the current proof technique does not work for the Gaussian case.

25/38



Application: probabilistic solvers
for ODEs



Random solution of parametrised ODEs

▶ Random approximate solution of deterministic ODEs is an old idea (Skilling, 1992)
that has received renewed attention in recent years (Schober et al., 2014; Conrad
et al., 2016; Hennig et al., 2015; Lie et al., 2017a). As random forward models, these
probabilistic ODE solvers are amenable to the earlier general analysis.

▶ We consider an autonomous ODE of the form
d
dtz(t;u) = f(z(t;u);u), for 0 ≤ t ≤ T, (12)

z(0;u) = z0(u).

over a fixed time horizon [0, T], where the unknown parameter u will appear in the
definition of the initial condition z0 = z0(u) or the vector field f = fu : Rd → Rd,
resulting in the parameter-dependent solution z(t;u).

▶ Define the deterministic (exact) solution operator

S : U → C([0, T];Rd), u 7→ S(u) := (z(t;u))t∈[0,T],

where (z(t;u))t∈[0,T] solves (12). We equip C([0, T];Rd) with the supremum norm. 26/38



ODE formulation i

▶ Denote by Φt : Rd → Rd the flow map associated to the initial value problem (12), i.e.
Φt(z0) := z(t;u) = S(u)(t).

▶ Fix a constant time step τ > 0 such that N := T/τ ∈ N, and a time grid

tk := kτ for k ∈ [N] := {0, 1, . . . ,N}. (13)

we shall denote by zk := z(tk) ≡ Φτ (zk−1) the value of the exact solution to (12) at
time tk. We shall sometimes abuse notation and write [N] = {0, 1, . . . ,N− 1} or
[N] = {1, 2, . . . ,N}.

▶ To a single-step numerical integration method (e.g. a Runge–Kutta method of some
order) we shall associate a numerical flow map Ψτ : Rd → Rd. The numerical flow
map approximates the sequence (zk)k∈[N] by a sequence (Z′k)k∈[N], where
Z′k := Ψτ (Z′k−1).
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ODE fomulation ii

▶ A fundamental task in numerical analysis is to determine sufficient conditions for
convergence of the sequence (Z′k)k∈[N] to (zk)k∈[N]. The investigations of Conrad et al.
(2016) and Lie et al. (2017a) concern a similar task in the context of uncertainty
quantification.

▶ Given τ > 0, consider a collection (ξk)k∈[N] of stochastic processes
ξk : Ω× [0, τ ] → Rd. Define a stochastic process (Zt)t∈[0,T] in terms of a new
randomised integrator

Z(tk+1;u) := Ψτ (Z(tk;u)) + ξk(τ), (14)

where for each k ∈ [N], ξk : Ω× [0, τ ] → Rd is a stochastic process. The stochastic
processes (ξk)k∈[N] are intended to capture the effect of uncertainties, e.g. those that
arise due to properties of the vector field that are not resolved at the resolution
given by the time step τ . We extend the definition (14) to continuous time via

Z(t;u) := Ψt−tk(Z(tk;u)) + ξk(t− tk), for tk < t < tk+1. (15)
28/38



ODE fomulation iii

▶ Note that the (ξk)k∈[N] do not depend on the parameter u; this is because, in order
to be able to estimate the parameter u ∈U , we need our model of the uncertainty
to not depend on the parameter that we wish to estimate. From another point of
view, since the distribution of the (ξk)k∈[N] plays the role of the measure νN in the
general case, and since νN does not depend on u ∈U , it follows that the (ξk)k∈[N]
cannot depend on u either. On the other hand, the map Ψτ does depend on the
parameter u ∈U , because Ψτ must involve the vector field f( · ;u).

▶ Define the random solution operator associated to the randomised numerical
integrator (15):

SN : U → C([0, T];Rd), u 7→ SN(u) := (Z(t;u))t∈[0,T].

Recall that we equip C([0, T];Rd) with the supremum norm topology.
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ODE fomulation iv

▶ Let TJ ⊂ [0, T] be a strictly increasing sequence of time points, indexed by a finite,
nonempty index set J with cardinality |J| ∈ N. Define Y = Rd|J|, and equip it with the
topology induced by the standard Euclidean inner product. Define the observation
operator

O : C([0, T];Rd) → Y , z̃ 7→ O(z̃) := (z̃(tj))tj∈TJ ,
which projects some z̃ ∈ C([0, T];Rd) to a finite-dimensional vector in Y constructed
by stacking the Rd-valued vectors resulting from evaluating z̃ at the |J| time points
in TJ. For any m ∈ N, the topology on Rm is thus equivalent to that induced by the ℓ2
norm ∥·∥ℓm2 . Therefore, we take ∥·∥Y = ∥·∥

ℓ
d|J|
2
.

▶ Given the operators S, O, and SN defined above, we define Y := (Rd)|J|, the forward
operators G,GN : U → Y by

G := O ◦ S, GN := O ◦ SN,

and the associated likelihoods are the quadratic misfits given by (8) with some
fixed, positive-definite matrix Γ. 30/38



ODE fomulation v

▶ We define the discrete-time error process in terms of the time grid (13) by

ek(u) ≡ e(tk;u) := z(tk;u)− Z(tk;u), k ∈ [N],

and the continuous-time error process by

e(t;u) := z(t;u)− Z(t;u), 0 ≤ t ≤ T.

Since TJ is a proper subset of [0, T], it follows that

∥GN(u)− G(u)∥ ≡ ∥GN(u)− G(u)∥Y ≤ sup
0≤t≤T

∥e(t;u)∥ℓd2 .

▶ This completes our formulation of the probabilistic numerical integration of the
ODE (12) as a random likelihood model of the general type considered above.

▶ We now just need to couple a convergence result for the random numerical
integrator to the convergence results for the approximate BIP posteriors over u.
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Regularity assumptions

Assumption 10 (Assumptions 3.1–3.3, Lie et al. (2017a))

The vector field f admits 0 < τ∗ ≤ 1 and CΦ ≥ 1, such that for 0 < τ < τ∗, the flow map
Φτ : Rd → Rd of the ODE is globally Lipschitz, with

∥Φτ (z0)− Φτ (v0)∥ ≤ (1+ CΦτ)∥z0 − v0∥, for all z0, v0 ∈ Rd.

The numerical method Ψτ has uniform local truncation error of order q+ 1: for some
constant CΨ ≥ 1 that does not depend on τ ,

sup
u∈Rd

∥Ψτ (u)− Φτ (u)∥ ≤ CΨτq+1.

The stochastic processes (ξk)k∈N admit p ≥ 1, R ∈ N ∪ {+∞}, and Cξ,R ≥ 1, independent
of k and τ , such that for all 1 ≤ r ≤ R and all k ∈ N,

EνN

[
sup

0<t≤T/N
∥ξk(t)∥r

]
≤

(
Cξ,R

(
T
N

)p+1/2)r
.
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Convergence theorem for the integrator

Theorem 11 (Theorem 5.2, Lie et al. (2017a))

Let n ∈ N, and suppose that Assumptions 10 hold with parameters τ∗, CΦ, CΨ, q, Cξ,R, p,
and R. Then, for all T/τ∗ < N,

EνN

[
sup
0≤t≤T

∥e(t;u)∥n
]
≤ 3n−1

(
(1+ CΦτ∗)nC+ CnΨ(τ∗)n + TCnξ,R

)( T
N

)n(q∧(p−1/2))
,

where the following scalars do not depend on τ but depend on u ∈U :

C := 2Tmax{(4CΨ)n, (2Cξ,R)n} exp(TCΦ(n, τ∗))
CΦ(n, t) :=

[
(1+ t2n−1)2(1+ tCΦ)n − 1

]
t−1.

As a corollary, we even get finiteness of the moment generating function of the error.
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Effect of probabilistic integration on BIP

Theorem 12

Suppose thatU is a compact subset of Rm for some m ∈ N, and suppose that
S, SN : U → C([0, T];Rd) are continuous maps. Let 2 < ρ∗ <∞ be arbitrary. Suppose
that Assumptions 10 hold with parameters τ∗, CΦ, CΨ, q, R = +∞, Cξ,R, and p, and that
these parameters depend continuously on u. Then, for N ∈ N such that T/τ∗ < N, (10)
holds for r1 = 1 and r2 = 2ρ∗/(ρ∗ − 1), and (11) holds for s1 = 2ρ∗/(ρ∗ − 2) and s2 = 2.
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